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Abstract We provide a new matter source that supplies fuel to construct 
wormhole spacetime. The exact wormhole solutions are found in the model 
having, besides real matter (RM), an anisotropic dark energy (DE) so that 
*-£h ; the source is termed as DERM. We have shown that the exotic matters that 

are the necessary ingredients for wormhole physics violate null and weak 
energy conditions but obey strong energy condition. Though the wormhole 
D , comprises of exotic matters yet the effective mass remains positive. We have 

calculated the effective mass of the wormhole up to 4 km throat radius as 
1.3559M0. Some physical features are briefly discussed. 
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1 Introduction 

It was revealed by the observations on supernova due to the High-z Supernova 
Search Team (HZT) and the Supernova Cosmology Project (SCP) [UH] that 
. the present expanding Universe is getting gradual acceleration. As a cause 
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of this acceleration it is argued that a kind of exotic matter having repulsive 
force termed as dark energy is responsible for speeding up the Universe some 
7 billion years ago. To understand the nature of this hypothetical energy that 
tends to increase the rate of expansion of the Universe several models have 
been proposed by the scientists so far [3J1I]. 

As far as matter content of the Universe is concerned, it is convincingly 
inferred from distant supernovae, large scale structure and CMB, that 96% of 
matter is hidden mass constituted by 23% dark matter and 73% dark energy 
whereas only 4% mass in the form of ordinary mass which is visible contrary 
to the non- luminous dark matter [3[6j[7l[8] . 

On the other hand, theoretically a wormhole, which is similar to a tun- 
nel with two ends each in separate points in spacetime or two connecting 
black holes, was conjectured first by Weyl [5] and later on by Wheeler [TO] . 
This is essentially some kind of hypothetical topological feature of spacetime 
which may acts as shortcut through spacetime. In principle this means that 
a wormhole would allow travel in time as well as in space and can be shown 
explicitly how to convert a wormhole traversing space into one traversing 
time . The possibility of Lorentzian traversable wormholes in general rel- 
ativity was first demonstrated by Morris and Thorne |12j which held open by 
a spherical shell of exotic matter. However, other types of wormholes where 
the traversing path does not pass through a region of exotic matter were also 
available in the literature 13,14 . 

In this connection we are interested to mention that in some of our pre- 
vious works we dealt with a new type of thin-shell wormhole constructed 
by applying the cut-and-paste technique to two copies of a charged black 
hole |15| . This has been done in generalized dilaton-axion gravity which was 
inspired by low-energy string theory. This was done following the work of 
Visser [13], who proposed a theoretical method for constructing a new class 
of traversable Lorentzian wormholes from black-hole spacetimes by surgi- 
cal grafting of two Schwarzschild spacetimes. The main benefit in Visser's 
approach is that it minimizes the amount of exotic matter required. 

However, the necessary ingredients that supply fuel to construct worm- 
holes remain an elusive goal for theoretical physicists. Several proposals have 
been proposed in literature [IBl|r71|T31|^ . In the 

present work taking cosmic fluid as source we have provided a new class 
of wormhole solutions under the framework of general relativity. Here this 
matter source would supply fuel to construct the exact wormhole spacetime. 
Besides the real matter source an anisotropic dark energy also considered 
here. Regarding anisotropy of dark energy we notice that several works are 
now available in the literature [2"9"II5T)1[3T] which support this idea. 

It is shown in the present investigation that the exotic matters violate null 
and weak energy conditions but obey strong energy condition. The wormhole 
constructed here in the presence of real and exotic matters provides a positive 
effective mass. This effective mass of the wormhole is 1.3559Af Q up to 4 km 
throat radius. The plan of the investigation is as follows: in Sec. 2 basic 
equations for constructing wormhole are provided and as a result some toy 
models for wormholes are presented in Sec. 3 whereas in Sec. 4 we have 
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discussed various physical features of the model supported by DERM. In 
Sec. 5 specific concluding remarks are made. 



2 Basic equations for constructing wormhole 

The metric for a static spherically symmetric spacetime is taken as 

ds 2 = -e u ^dt 2 + e x{r) dr 2 + r 2 (d6 2 + sm 2 6d^ 2 ), (1) 

where r is the radial coordinate. Here v and A are the metric potentials which 
have functional dependence on r. 

We propose matter sources, which constitutes with two non-interacting 
fluids, as follows: the first one is real matter in the form of perfect fluid 
and the second one is anisotropic dark energy. The mining of this second 
ingredient can be done from cosmic fluid that is responsible for acceleration 
of the Universe [32] . 

Therefore, the energy-momentum tensors can be expressed in the follow- 
ing form 

n=-p eff ^-(p+p de ) (2) 

Tt=p e /f = (p + pt°) (3) 
Ti = T*=p?f = (p + pf), (4) 

where p de , pf e and p de are dark energy density, dark energy radial pressure 
and dark energy transverse pressure respectively whereas p and p are assigned 
for the real matter. 

Now, we specially consider that the dark energy radial pressure is pro- 
portional to the dark energy density, so that 

Vf = -P de - (5) 

Also, we assume that the dark energy density is proportional to the mass 
density 

P de = np. (6) 

Here the constraint to be imposed is n > 0. 

In connection to the ansatz (5) it is worthwhile to mention that the 
equation of state of this type which implies that the matter distribution under 
consideration is in tension is available in literature and hence the matter is 
known as a 'false vacuum' or 'degenerate vacuum' or 'p- vacuum' 33,3Hl3"51 

Now, as usual we employ use the following standard equation of state 
(EOS) 

p = ujp, u) > 0, (7) 

where m is a parameter corresponding to normal matter. The Einstein equa- 
tions are 

^ X (--K)+-2=^(P + P de )i ( 8 ) 
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(9) 



87r(p + pf). (10) 



The generalized Tolman-Oppenhcimcr-Volkov (TOV) equation is 

d(P e r ff ) , ^ /. e/.f , „e/.A , 2 



f/; . + \ (/>"" + Pr ff ) + ~ (Pi" ~ Ft") = 0. (11) 

Let us write the metric coefficient g rr as 

e -A(r) = 1 _6W (12) 

r 

where, 6(r) is the shape function of the wormhole structure. 

Here, the above shape function, by the use of the Eqs. (6) and (8), can 
be expressed as 

b(r)=8ir (p + p de )r 2 dr = 8tt / p(l + n)r 2 dr. (13) 
Jo Jo 

From the field Eqs. (8) and (9), via the ansatz (5), we get 

Mp + P) = e- X (j + ^y (14) 

which readily gives 

v = J e A [ 871-/9(1 + uS)r + (e~ A )' ]dr. (15) 
3 Toy models for wormholes 

Now we consider several toy models for the present case of wormholes. 

3.1 Specific shape function 

Consider the specific form of shape function as 



5(r) = r °w ' (16) 

where r corresponds to the wormhole throat and a is an arbitrary constant. 

Using the above shape function (16) in the field equations, we get the 
following expressions of the parameters 



87r(l + n)r2 \r 



a-3 

r 



(17) 
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v = 1 - 



(a -I) 



In 



1-1^- 



p = up = 



UJOt 



87r(l + n)rl \r 
na 



a-3 



-np ■ 



Pi 



de 



a(a — 3)(cj — n) ( r 



167r(l + n)/Q \r 



87r(l + n)r2 Vr 



a-3 



a-3 



87r(l + n)rl \r 



where 



32tt(1 + n)rl 
'(1 + u)a 



+ (l-a) 



a-3 



2a-4 



(18) 
(19) 
(20) 



(21) 



(22) 



(1 + n) 

Since the spacetime is asymptotically flat, we demand integration con 
stant to be unity. 



One can note that, 



Mr) 



as r 



oo implies a < 1. Also, flare- 



out condition, which can be found out by taking the derivative of the shape 
function b(r) at r = r i.e. 6'(r ) < 1 gives , a < 1. 



3.2 Specific energy density 

Let us consider the energy density function as 

p(r)= P0 (^y. (23) 

Here, ro, is the wormhole throat and po corresponds to the energy density at 
the throat (3 is an arbitrary constant. 

Using the above energy density function (23), one can get the solutions 
of the parameters characterized the wormhole as 

m _ (24) 

At the throat radius r — r , b(r n ) = r and this implies 

Using the value of po in Eq. (25), one gets the following form of the shape 
function as g 

6W=r0 (^) • (26) 
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Now the other parameters can be found as 



e = 



1-1^ 



2-/3' 



where 



B 



3-p 



(/3-2)(l + n) 



(u — n) + 



l + n 
~ ~P 



(27) 



(28) 



n(3 -/3) ( r 



de = pj3-p){w-n} (r 
Pt " 167r(l + n)r2 \r J 8ir(l + n)r% \r 



B(3-p)(2-p)(l+cj) (r_ 

Jo 



32tt(1 + n)rl 



1 



(*) 



2-/3 



2-2p 



(29) 



One can note that ^p- — > as r — ► oo implies P > 2. Also, fiare-out 
condition &'(ro) < 1 gives p > 2. 



3.3 Constant redshift function 

Consider the constant redshift function and without loss of generality we 
assume 

v = 0. (30) 

Here all the parameters are 



b(r) 



7o 



(31) 



where 7 = -^1 and 70 is an integration constant. Note that, at the throat 



radius r — r , &( r o) = r o implies 70 = r 1 . Thus b takes the form as 



b(r) = r Q 



ro 



The other parameters are 



P = 



87r(l + n)r^ V^o 



CJ7 

87r(l + n)rl \r 



7-3 



7-3 



Vr = -p dB 



-np 



n"f 



7-3 



(32) 

(33) 

(34) 
(35) 
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Pi 



7(w — n)("f — 3) — 2n7 
16tt(1 + n)rl 



7-3 



One can note that, if n— us > 0, then 7 > 1 and hence ^r- does not tend to 
zero as r — > 00. This implies that the solution is not asymptotically flat. So, 
we have to match our interior solution to the exterior Schwarzschild solution. 
According to Morris et al. [Tl"l[l"2"] for traversable wormhole the spacetime is 
to be nearly flat i.e. << 1 for cut off at some r = a. Unfortunately, since 
7 > 1 , we can not get a > , for which < < 1 . Thus n — uj > condition 

is not acceptable. However, if n — uj < 0, then 7 < — 1 and ^r- tends to zero 
as r — > 00. Therefore, one can never choose n = uj. 



(36) 



4 Some features of the models 

4.1 Visual Structure 

Fortunately, all the three models have the shape functions that are of poly- 
nomial form of different power index i.e. 6(r) = ?'o i where, 

X = a, for model-I, 
= 3-/3, for model-II, 
= 7, for model-Ill. 

Note that wormhole models given in Subsections 3.1 and 3.2 possess an 
event horizon at the throat r = ro, in other words, these solutions reflect 
a non-traversable wormholes. However, if we impose the conditions A = 
in Eq. (18) and B = in Eq. (27), then for both cases, one gets e v = 1 
(re-scaling the case given in subsection 3.1) and rendering them traversable. 

Now, the conditions A — and B = imply, 

X = a = 3- /3 = 1 = ii^. (37) 
n — uj 

As discussed in Sec. 3.3, we should choose the value of X for which n — uj < 0. 

According to Morris et al. [Tl"lll2| . one can picture the special shape of 
the wormhole by rotating the profile curve z = z(r) about the z— axis. This 
curve is defined by 

g=± ; 1 =± , 1 (38) 

One can note from the definition of wormhole that at r = tq (the wormhole 
throat) Eq. (38) is divergent i.e. embedded surface is vertical there. 

For the specific values of uj and n, say, uj = 0.8 and n — 0.2, we draw the 
embedded diagram of the wormhole which is shown in Fig. 1. 



Fig. 1 The profile curve of the wormhole. 



z 




Fig. 2 The embedding diagram generated by rotating the profile curve about the 
z— axis. 

The surface of revolution of the curve about vertical z axis makes the 
diagram complete. The full visualization of the surface generated by the 
rotation of the embedded curve about the vertical z axis is shown in Fig. 2. 

According to Morris and Throne [T^] , the r-coordinate is ill-behaved near 
the throat, but proper radial distance 



must be well behaved everywhere i.e. we must require that l(r) is finite 
throughout the spacetime. 

The proper radial distance l(r) from the throat to a point outside is given 
in Fig. 3. 




(39) 
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2 4 6 S 10 12 14 16 18 20 

Fig. 3 The graph of the radial proper distance l(r) 

For models, n < uj implies, X < — 1 and p e ^ < 0. Hence, in our models, 
the null energy condition (NEC) is violated to hold a wormhole open. 



4.2 Energy Conditions 

Now, we check the material compositions comprising the wormhole whether 
it will satisfy or not the null energy condition (NEC), weak energy condition 
(WEC) and strong energy condition (SEC) simultaneously at all points out- 
side the source. Since we write all equations in terms of X and follow the 
assumptions A = and B = 0, we have 

p*fS = X(L\ \ (40) 
8*r§ \r J 

ff I(I-l)(,-n) /r\» 
Pt ~ 16^(l + n) [roj ' (42j 

^+^=s^^r 3 , (^) 



X-3 



8^(1 + n) \r 

„^ 2 + ,(X l) + ,,( 3 -X) /, 

167rrg(l + n) Vr / 

-2 „ v2 , „2 , y / „ \ x -3 



eff eff o eff X ^ ~ nX + n + X ( r I 

87rrg(l + n) \r / 

The Fig. 4 indicates that the null energy condition (NEC), weak energy 
condition (WEC) are violated, however, the strong energy condition (SEC) 
is satisfied. 
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Fig. 4 The variation of left hand side of the expressions of energy conditions are 
shown against r. 



4.3 Equilibrium condition 

Following Ponce de Leon [37], we write the TOV Eq. (11) for an anisotropic 
fluid distribution, in the following form 



M G 



eff 



dp] 



fiff 



-e 2 



dr 



2 ( eff 



0. 



(46) 



where Mq — Mq{t) is the effective gravitational mass within the radius r 
and is given by 

1 r, u — X , 



M G {r) 



-r e 2 v 



(47) 



which can easily be derived from the Tolman-Whittaker formula and the Ein- 
stein's field equations. Obviously, the modified TOV equation (46) describes 
the equilibrium condition for the wormhole subject to gravitational (F g ) and 
hydrostatic (Fh) plus another force due to the anisotropic nature (F a ) of the 
matter comprising the wormhole. Therefore, for equilibrium the above Eq. 
(46) can be written as 



F + Fh 



where, 



p 3 = -^yp 



eff 



F a = 0, 

+ P e r ff )=0, 



Fi, 



dp e r 



eff 



dr 



F, 



eff 



X(X -3)(u-n) ( r 
87rr§(l + n) \r 

_ X(X -3)(L)-n) f r 
87irg(l + n) V^o 



X-i 



X-A 



(48) 

(49) 
(50) 

(51) 



The profiles of F g , Fh and F a for our chosen source are shown in Fig. 5. The 
figure indicates that equilibrium stage can be achieved due to the combined 
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effect of pressure anisotropic, gravitational and hydrostatic forces. It is to be 
distinctly noted that by virtue of the Eq. (30), the gravitational force term 
in Eq. (49) vanishes which is readily observed from the Fig. 5 as the plot for 
F g coincides with the coordinate r. The other two plots reside opposite to 
each other to make the system balanced. 



-0.003-1/ 



'm = O.K"a = 0.2' 'r„ = 4' 



distance ( r ) 



Fig. 5 Three different forces acting on fluid elements in static equilibrium is shown 
against r. 



4.4 Effective gravitational mass 

In our model the effective gravitational mass, in terms of the effective energy 
density p e ^ , can be expressed as 



M ef / = 47r / ( p + p rfe) r 2 dr = 4?r 



X 
8wr% 



X-3 



r dr 



2 ' 



(52) 

Note that the result remains the same for all models as it is independent 
of the index parameter X. Here, the mass and throat radius ratio, — is 
0.5, a constant. It is worthwhile to mention that the maximum allowed mass- 
radius ratio in our case is greater than the isotropic fluid sphere, i.e., ^ < | 
as obtained earlier by Buchdahl [35] . The effective mass of the wormhole of 
throat radius, say, ro = 4 km is obtained as M e ^ — 2 km = 1.3559 M 
(where 1 Solar Mass = 1.475 km). 

We note from the Eq. (52) that though wormholes are supported by the 
exotic matter characterized by DERM, but the effective mass is positive. This 
implies that for an observer sitting at large distance could not distinguish 
the gravitational nature between wormhole and a compact mass M . 
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In our model, the compactness of the wormhole can, therefore from the 
Eq. (52), given by 

M e// (ro) 1 

ro 2 v ' 

The surface redshift (Z s ) corresponding to the above compactness (u) is 
obtained as 

Z s = (1 - 2u)~i - 1 = oo. (54) 

Thus, the surface redshift for the wormhole is infinity. This result is in 
agreement with the characteristic of wormhole as at the throat the embedded 
surface is vertical. 



4.5 Total gravitational energy 

It is known that total gravitational energy of a localized real matter obeying 
all energy conditions is negative. Naturally, we would like to know how the 
gravitational energy behaves for the matters that supply fuel of our wormhole 
structure. Following Lyndell-Bell et al. [39] and Nandi et al. [40], we have the 
following expression for the total gravitational energy of the wormhole as 

E g = 1 -J\l-^;Yffr 2 dr+ r ^, (55) 

where the second part is the contribution from the effective gravitational 
mass. It is to note that here the range of the integration is considered from the 
throat tq to the embedded radial space of the wormhole geometry. Choosing 
the specific values of the parameters, u = 0.8 , n = 0.2, for any values of 
a > 1, we get 



pr—aro 

E g = - 

J To 

We draw the plot for total gravitational energy given in Eq. (54), which 
indicates that E g > 0, in other words, there is a repulsion around the throat 
(see Fig. 6). This result is very much expected for constructing a physically 
valid wormhole. 



\ 



1 _ x. 

!"0 



-3 



ro/ 2 



(56) 



5 Final Remarks 

In searching for a possibility of Lorentzian traversable wormhole in general 
relativity we have, in the present paper, considered the anisotropic dark en- 
ergy along with the real matter source. Our main observations of the present 
investigation are as follows: 

(1) The exotic matter though as usual violates null and weak energy 
conditions but does obey strong energy condition. 
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Fig. 6 Plot of E g Vs. a. The throat is taken at r — ro. 

(2) The wormhole constructed here provides a positive effective mass as 
1.3559M up to 4 km throat radius. 

(3) According to the Fig. 6, as E g > 0, there is a repulsion around the 
throat expected for valid construction of a wormhole. 

Some of the other minor observations are as follows: 

(1) For the spacetime to be asymptotically flat we note that, ^p- — > 
as r — > oo implies X < 1. Flare-out condition, b'(r ) < 1 also gives, X < 1. 

(2) To travel through a wormhole, the tidal gravitational forces experi- 
enced by a traveler must be reasonably small. In our model the the above 
condition is automatically satisfied, the traveler feels a zero gravitational 
acceleration since v = 0. 

(3) If n — uj > 0, then, the solutions should not asymptotically flat. So, 
we have to match our interior solution to the exterior Schwarzschild solution. 
According to Morris et al. [TT1IT2"] for traversable wormhole, the spacetime to 
be nearly flat, << 1 for cut off at some r — a. 

Based on the above observations we would like to conclude that the worm- 
hole model provided here with dark energy and real matter (DERM) is fas- 
cinating in several aspects and hence very promising one. 

However, we observe in the present investigation that dark energy with 
zero energy density and zero radial pressure may also provide the exotic fuel 
in constructing the wormhole. So, interpretations within dark energy or other 
than dark energy is needed for exotic sector of the energy-momentum tensor 
which can be sought for in a future work. 
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